NOVEMBER 2020
AHEAD

AD HOC ELECTRONIC AUCTION DESIGN




AUTORITE
DES MARCHES FINANCIERS

AIXIF

Cette étude reflete les vues personnelles de ses auteurs et n’exprime pas la position de ’AMF.
Toute copie, diffusion et reproduction de cette étude, en totalité ou partie, sont soumises a I'accord expres, préalable et écrit
des auteurs.

The views expressed are those of the authors; they do not reflect the position of the AMF.
Copying, distributing or reproducing this study, in full or in part, is subject to prior express written authorisation from the
authors.



AHEAD : Ad Hoc Electronic Auction Design

Joffrey Derchu* Philippe Guillot!
Thibaut Mastrolia* and Mathieu Rosenbaum?

October 21, 2020

Abstract

We introduce a new matching design for financial transactions in an
electronic market. In this mechanism, called ad hoc electronic auction de-
sign (AHEAD), market participants can trade between themselves at a fixed
price and trigger an auction when they are no longer satisfied with this fixed
price. In this context, we prove that a Nash equilibrium is obtained between
market participants. Furthermore, we are able to assess quantitatively the
relevance of ad hoc auctions and to compare them with periodic auctions
and continuous limit order books. We show that from the investors’ view-
point, the microstructure of the asset is usually significantly improved when

using AHEAD.

Keywords: Market microstructure, market design, financial regulation, ad hoc

auctions, periodic auctions, limit order book, Nash equilibrium.

*Ecole Polytechnique, CMAP; joffrey.derchu@polytechnique.edu

t Autorité des Marchés Financiers; p.guillot@amf-france.org

tEcole Polytechnique, CMAP; thibaut.mastrolia@polytechnique.edu
$Ecole Polytechnique, CMAP; mathieu.rosenbaum@polytechnique.edu



1 Introduction

1.1 Existing market models: Continuous limit order book

and periodic auctions

The question of a suitable market microstructure enabling an exchange to ensure
satisfactory conditions for trading activities of market participants is particularly
intricate. The most standard approach, adopted by a large number of exchanges,
is the continuous limit order book (CLOB for short). In this setting, market par-
ticipants can either choose to trade immediately by accepting the price offered by
a counterparty in the order book (sending what is called an aggressive order and
thereby reducing the quantity of shares instantly available in the limit order book)
or place a passive order, which waits in the order book to find a counterparty. The
recent change in the very nature of market makers, which are nowadays essentially
high frequency traders, has triggered a debate on whether CLOBs are the most
suitable order matching mechanism, notably in terms of quality of the price for-
mation process. The alternative design which is usually put forward is that of
periodic auctions. In this case, transactions occur once the auction terminates.
The traded price is the equilibrium price maximising the number of financial in-
struments traded, determined at the end of the auction period from the imbalance
between buy and sell orders accumulated during the duration of the auction. Cur-
rently, some auctions are already held at regular intervals in many markets where
the main mechanism is a CLOB, typically at the beginning and at the end of the
trading day. Moreover, some exchanges organise periodic auctions throughout the

day. This is for example the case of BATS-Choe for European equities.

One of the benefits of auctions derives from the fact that they mechanically slow
down the market. Doing so, they suppress some obvious flaws due to speed com-
petition of high frequency market makers in a CLOB environment. This is partic-
ularly well emphasized in ( ); ( ) and

the influential paper ( ) where a lower bound for auction dura-



tion so that speed arbitrages vanish is provided (about 100 ms). In the paper

( ), the authors also consider the issue of determining a suitable time
period for the auction duration. To do so, they model the behaviour of micro-
scopic agents who optimise their demand schedules with respect to the available
information in the market. They show that the optimal auction duration is linked

to the rate of arrival of information.

Regarding a suitable market design, each type of market participants has a differ-
ent view on the question depending on its activity. This is why there is a crucial
need for a quantitative analysis enabling us to assess and compare the different
mechanisms objectively. This is done in ( ) where the authors
extend the works ( ) and ( ). More
precisely, they are able to compare CLOBs and periodic auctions from a price for-
mation process viewpoint using stochastic differential games. They also provide
optimal auction durations (a few minutes in practice according to their approach,

depending on the asset involved).

1.2 Going AHEAD

Auctions and CLOB represent two quite orthogonal approaches in terms of mar-
ket design. In this paper, we aim to study an hybrid mechanism that we call
ad hoc electronic auction design (AHEAD). The idea of ad hoc auctions is to or-
ganise a specific type of continuous trading session after each auction. During
the continuous session, market participants trade between themselves at a fixed
price equal to the last auction’s clearing price. Any market participant has the
opportunity to end the continuous session when he is no longer satisfied with the
price by triggering a new auction. The only constraint imposed by the exchange
to market participants for triggering a new auction phase is to commit at least a
minimal volume in the auction. In this setting, there can be two reasons to moti-
vate investors for ending the continuous phase. Either they consider the trading

price is no longer reasonable or they are not able to trade at this price because



of the lack of counterparty from other participants. Our underlying idea for the
relevance of this mechanism is that it can provide the best of both worlds, inter-
polating between CLOB and periodic auctions, by conveying information about
a potential price change to all market participants in a timely manner. On the
one hand, auction phases enable market participants to source liquidity through a
competitive process of price formation. On the other hand, potential local volume
disequilibria between the needs of buyers and sellers that do not warrant a price

change can be mitigated during the continuous sessions.

Note that we focus here on AHEAD implementation on non-fragmented markets,
such as small and mid-cap markets (some of these stocks may display a limited
fragmentation, however discussions towards the revision of MiFID II in Europe
indicate the will of the regulator to impose a unique structure for such assets).
In this case, AHEAD could be a decisive model since it improves liquidity ag-
gregation. Furthermore, an auction on an illiquid instrument ending without any
transaction would still deliver a change in the clearing price of the instrument. Di-
rect listings, where building steadily liquidity is the key success factor, represent
another situation where AHEAD could prove worthwhile and allow easier access to
the financial markets for the small and mid-cap enterprises. Competition between
two AHEAD markets could result in something closer to a more stable version of
a CLOB: in phases where both venues can trade on a fixed price, there would be
situations where one venue would display liquidity at a “bid” and the other venue
at an “offer” (depending on the chosen make-take fees schedule)'. In highly frag-
mented markets, CLOBs and auctions interact by catering to different strategies
from market participants. It would be very complex to model such interactions
if AHEAD were to be added to the current microstructure, since the market par-
ticipant mix would probably differ considerably from one venue to another. Such

study is left for further research.

Tt would then be critical for the regulator to prevent a “race to the bottom” between com-
peting venues by setting minimum values for the triggering quantities and the auction durations,
as MiFID II did for the tick size.



We consider three agents in our model: two investors, one buyer and one seller,
using aggressive orders and one market maker using passive orders. The market
maker provides liquidity during both the continuous and auction phases. During
the continuous phases, he accepts transactions at the last auction’s clearing price
provided they are profitable. To assess the profitability of a transaction, the mar-
ket maker compares the last clearing price and the current efficient price, that
is assumed to be observed/built by him continuously?. Our buyer (resp. seller)
investor wishes to buy (resp. sell) a given amount of shares over a given time
period. More specifically, we consider that he aims at following a trading intensity
target (coming for example from an Almgren-Chriss type algorithm, see

( )). Thus his goal is to optimise his PnL while staying close to
the target. From a mathematical viewpoint, his objective function consists into
two terms that he wants to minimise: one measuring his realized trading costs
and the other the deviation from the target. To achieve their goal, our investors
have access to two controls: the trading rate with which they send their market
orders and the triggering times of the auctions. Note that there are of course
more than two investors in an actual market. However, since our auction period
will be quite short, we expect in practice only a small number of investors to take
part in each auction (these investors being probably different from one auction
to the other). Note also that, in a live market environment, participants are not
restricted to aggressive orders and also compete through passive orders: in an
AHEAD market, an aggressive order greater than the liquidity waiting for execu-

tion in the order book would become a passive order for the remainder of the order.

In this model, the market participants compete against each other simultaneously
without communicating. They anticipate their opponents’ best reactions to max-
imize their benefits. We show that the market admits a Nash equilibrium. This
implies that ad hoc auctions are a viable design as a trading mechanism. Fur-

thermore, from our theoretical results, we can build a numerical methodology

2In a further study, the model could be developed to allow the market maker to manage its
inventory by triggering auctions himself and investors to use both passive and aggressive orders.



enabling us to compute the optimal strategies and value functions of the investors
under various market configurations. This is not only done in the ad hoc auction
framework but also under CLOB and periodic auction markets. This allows us
to provide a quantitative assessment of the AHEAD market from the investors’

viewpoint and to compare it with the CLOB and periodic auction structures.

1.3 AHEAD contribution

Our main findings are the following. First AHEAD seems to be systematically
preferable than CLOBs from a market taker perspective. This is somehow in line
with the results in ( ); ( ) which underline the
relevance of auctions compared to CLOBs. Furthermore, based on our computa-
tions of the value functions, we conclude that for a large investor, ad hoc auctions
are always a suitable design (even compared with periodic auctions), in particular
when the other investor is smaller. It enables the large investor to execute part of
his orders with the market maker and to launch auctions when he really needs to
do so. In addition to that, thanks to the transactions executed with the market
maker during the continuous phase, he reduces its volume imbalance with respect
to the smaller investor during the auctions phases. For a small investor, strate-
gic considerations play an important role in the comparison between ad hoc and
periodic auctions. Essentially, if a small investor is still large enough to be able
to trigger auctions without too much relative cost, the ad hoc auction mechanism
is beneficial for him. Otherwise, periodic auctions are more attractive from this
investor’s viewpoint. In practice, in an actual market, the smaller investor could in
fact even place passive orders and hence profit from the market impact generated
by the larger one. Therefore a very small investor may prefer periodic auctions
on instruments with high price viscosity/long queuing time because, in that case,
the larger one cannot benefit from the continuous phase to reduce his volume im-
balance in comparison to the smaller investor, leading to very favourable auction

clearing prices for the latter.



The paper is organised as follows. In Section 2 we describe the ad hoc auction
mechanism and our model. We introduce in Section 3 the notion of equilibrium in
our framework and provide results about the existence of such equilibrium under
various types of assumptions. Numerical experiments and economic insights can

be found in Section 4. The proofs are relegated to the online version

(2020).

2 Model

In this section, we introduce our model for a market with ad hoc auctions. We build
our mathematical framework and explain how our market participants (the two
market takers and the market maker) interact. Then we describe the objectives

of those participants in terms of optimisation problems.

2.1 Framework

Let T > 0 be a final horizon time, A > 0 the auction’s duration, €). the set of
continuous functions from [0, T+ h] into R, €4 the set of piece-wise constant cadlag
functions from [0,7 + h| into N, and Q = Q. x (£4)* with corresponding Borel
algebra F. The observable state is the canonical process (W, N2, Nf)tE[O’T_‘_h} on
the measurable space (€2, F) defined for any ¢ € [0, 7 + k] and w = (w,n% n’) € Q
by

with canonical completed filtration F = (F,)epo.r+n = (F¥ @ (F)®?)iefo.r+h)-

The trading universe is reduced to a single risky asset with observable efficient
price P* given by
P =P, + oW, t €[0,T + hl,

with initial price Fj > 0 and constant volatility o > 0. The probability measure
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on () will be defined so that W is a Brownian motion. The efficient price is to be
understood as a benchmark price that market participants use to measure their
trading costs by comparing it with the price they get in their actual transactions,
see for example ( ); ( );

( ). The processes N® and N? will correspond to the quantities of orders sent

by our two investors.

2.2 The market takers

We consider two investors (market takers) sending aggressive orders only. We call
them Player a and Player 0. Player a only sends buy market orders while Player
b only sends sell market orders. Let A_ > 0 be the minimum intensity of arrival
of orders and A\* > A_ the maximum intensity. We equip our filtered space with
the probability P @ P¥ where PV is the Wiener measure and P is the solution

to the martingale problem (in the sense of ( )
M, = (N#, N))T —tLy with Lo = (A, X\)T, 0 < X0 < A*, t € [0,T + h)
on ()%, B((24)%), (FH*)reo.1+n)-

In our model, Player a and Player b control the intensities of buy and sell or-
ders respectively. The set of admissible controls denoted by U is defined by all
predictable processes with values in [A_, \,]. For any pair (A%, \*) of admissible

. a \b
controls, we associate PA“" the measure defined by

X"
dP

A2 \b
= \Ilt ,
t

where \I/tA X" is the Doleans-Dade exponential martingale given by

a t L Al
W = e ( / (108(3 ) — (X — X)ds + log(32)AN? — (X, — X")ds) ).
0

Thus, under the measure P***", the processes (Ng — fos Aedu)o<s<Tth, (Nf —



fos N du)o<s<rin are martingales and (W)o<s<r is still a Brownian motion in-
dependent of the processes (N o N ®). In the following, we denote by EX Y the

. a \b . 2@ )\b e )\b a \b
expectation under P and we write U5, = 07" /02" for s < ¢

The market takers can trigger an auction and we focus on analysing the market
and the behaviours of the participants until the end of the auction. We do not
consider successive auction phases as it would lead to important additional tech-
nical difficulties. Furthermore, we may expect that in practice, under AHEAD,
the market would be quite regenerative from one phase to the other. We write
T with 0 < s <t < T+ h for the set of stopping times taking values in [s, t| and
denote by 7@ and 7° in Ty the stopping times chosen by Player a and Player b
respectively. An auction starts at time 7 = 7% A 7°, considering that if no player

triggers an auction before time 7', an auction is automatically triggered at time

T.

Let (1,7) € 76?T+h be such that 7 < 7, P—a.s. and A € . We denote by A, 7 and
Ui 7 the restriction of A, respectively U, to [7,7]. For any A € U and p € U pyp),
we set (A @7 1)y = Adu<r + pulrcw, u < T + h.

Finally, we introduce a mechanism which forces the market taker who initiates an
auction to trade a minimal amount in it. This is obviously because from an ex-
change or regulator viewpoint, only meaningful auctions are relevant. This means
auctions should take place when the price P is no longer satisfactory. Requiring
a minimal traded volume tends to make the auction clearing price go against the
market participant who has triggered the auction. Consequently, one triggers an
auction when really needed. This can also be seen as a constraint or a cost associ-
ated with triggering an auction, where the market participant considers this cost
is less than the cost of waiting with a passive order placed in the order book. Thus
we assume that a fixed given number of orders n € N is automatically recorded
by the exchange for a player triggering an auction. In case both players triggers

at the same time (which will be unlikely but possible in theory in our discrete



setting), we write ny, for this number. We define two F,-measurable random vari-
ables, N and N?, representing the number of orders automatically recorded by

the exchange for Player a and Player b when the auction starts, that is

a ~ ~
N+ :n17a<7-b77-a<T + nab]_Ta:Tb<T

b ~ ~
]\7+ =nlrbcra o + Naplra_rbop.

Remark 2.1. In practice, in a continuous-time market, the two players would of
course never trigger an auction at the same time as the matching engine needs
anyway to process one message first. It is actually a straightforward extension to
consider the case where for Player a, Ny, is replaced by a random variable taking
values 0 or n with probability 0.5 and for Player b by n minus this variable. We
will actually consider such situation in the numerical results of Section 4 but keep
Nnay for simplicity for the theoretical developments. In addition, note that we can
very well think of a situation where the exchange would let participants trigger

auctions only at some (frequent) specific times.

2.3 The market makers
2.3.1 Continuous trading phase

Let P € R be a price fixed at ¢ = 0. During the continuous phase, at time t,
the market maker accepts an order from Player a (buy order) if P > P;. In this
case, a unit quantity is traded at price P. Symmetrically, he accepts an order
from Player b (sell order) if P < P} and then a unit quantity is traded at price
P. In other words, at time ¢ during the continuous trading phase, Player a pays
Plpsp; dNta to buy 1pspr d]\?ﬁ, while Player b earns P1p<Pt*dNtb from the selling
of 1p<pt*d]§7tb.

We introduce the processes N® and N describing the number of orders sent by

Player a and Player b which are not rejected by the market maker. They are

10



defined by

t t
Nta = / (13S71P>Ps* + 1s>7—)dN§7 Ntb :/ (15371P<Ps* + 18>T)dN£'
0 0

2.3.2 Auction

During the auction, the market maker is willing to buy or sell a given quantity at
a certain price. We consider that he provides a mid-price, that we naturally take
equal to P}, , and a slope K € R, meaning that he offers a volume K (p— P} ) at
time 7 + h when the auction price is p € R. Player a sends N}, — N+ N{ buy
market orders during the auction and Player b sends N?,, — N2+ N% sell market
orders. So and similarly to ( ), the auction clearing price P
fixed at the clearing time 7 + h is solution of the equation which equals supply

and demand:
0=—-K(P" - T*-s-h) + (N7, — NP+ NY) — (N7lz+h - Nf + Ni)

1.€.
K .

Pauc — P:+h +

Thus, at the end of the auction, Player a buys N, — N2+ N{ units at price P
and Player b sells N7, — N2 + N} units at price P*“.

Remark 2.2. One could think the market maker should rather take a mid-price
equal to +00 if N& ,—N¢+N¢ < NP, —N2+NP to optimise his PnL. However, in
a real market, market makers send limit orders over a bounded price interval and
competition between them prevents them from displaying irrealistic prices. Also,
there is in practice uncertainty on the traded volumes (notably because auctions
durations are slightly randomised). High uncertainty would lead to a high value of

K to compensate the lack of information on (N¢ , —N®+N%)—(NL, ,—NE+NP).

11



2.4 Objectives

Both market takers wish to optimise their PnL per unit of time. We suppose that
they compare the prices they get to the efficient price P* seen as a benchmark.
Moreover, they aim at trading a certain number of assets per unit of time (respec-
tively v® and v’ units per second) and have to pay penalties if they do not reach
those targets. We now give an explicit decomposition of their trading costs per

unit of time.

2.4.1 Costs during the continuous trading phase

As explained above, we assume that our two players are penalised during the
continuous market phase if they do not trade the right volumes. More precisely,
during the continuous market phase, we consider the costs of Player a and Player

b are respectively given for any ¢ € [0, T + h| by

tAT tAT
Lt = / (v%s — N%)*ds + / (P — P)1psprdNy
0 0
tAT tAT (2)
L' =gq / (v’s — N)?ds — / (P — P)1poprdNy.
0 0

The first term of these equations, where ¢ > 0, represents the penalty if the
number of trades does not match the targeted value and the second one is the cost

resulting from trading activities compared to the benchmark price P*.

Remark 2.3. We could also compute the actual trading costs instead of the costs

with respect to the efficient price, replacing P — P} by P in (2).

2.4.2 Costs during the auction

We now turn to the costs Player a and Player b are subjected to during the auction.
We assume again that both players are penalised during the auction if they do not
trade at the rate v® and v® respectively. The penalty here is also quadratic with

parameter ¢ > 0. Thus the penalties of Player a and Player b during the auction

12



are respectively given by
Coe = ah(v*(7 + h) — N2,y — NJ2 and €l = gh(t"(r + ) — N¥,, — NL)2.

As in ( ), the cost resulting from trading activities of market
taker a is given by N7 _,,(P*¢ — Pr,,) while the gain of b resulting from his
trades is Ni”Hh(P‘wc Pr,,), where N ., = N2, — N + N{ and N’?,T-‘rh =

Nb

e~ NP + NJ”F. Putting together all the costs/gains of our market takers and

using Equation (1), we get that the total cost of Player a per unit of time is given

by

. o * a a T AN‘FT
L + Cauc 7—7—+h(P - PT_A,_h) L + Cauc ‘”‘TM
T+h T+h
while the gain of Player b is
auc * N$7 AN, .
—Lb -+ N3,7+h(P — Pry) _ —Lb —Ch,, + ~mrehs +h
T + h T + h )

where we set AN -, = NI — N? - Forzg € Ry x Nx N xR xR and a pair
of controls ((7¢,\%), (7%, \%)), let

a
NT,T+}LANT,T+h

T (o, (7%, X9), (70, \V)) = BN [Eeet e | (P, NG, NS, LG, LE) = o] (3)

and

b
NTyT+hANT7T+h

a a a L Cg,uc * a a
Tt (o, (%, A%, (7%, AV)) = EA"A" [ = —— (P, N§, Nb, Lg, LE) = o). (4)

Since Player a aims at minimising his cost, his goal is to minimise over (7% \%)
the objective function

Ja(moﬂ (Taa )‘a)? (Tb’ Ab)) (5)

where (7°,\?) are controlled by Player b. Symmetrically, since Player b aims at

maximising his gain, his goal is to maximise over (7%, \’) the objective function
Jb(xOJ (Ta7 )‘a)a (Tb7 )‘b)) (6)

13



where (7%, \%) are controlled by Player a.

Remark 2.4. Using Lemma C.1 from (2019) and the fact that
7 < T and h > 0, we obtain that (3) and (4) are well-defined and finite.

3 Nash equilibrium for pure and mixed stopping

games

In this section, we investigate the existence of an equilibrium in the optimisation
problems of the market takers in the sense of Nash equilibrium adapted to our
framework. We start by defining the notion of open-loop Nash equilibrium in
the sense of ( ). Then we show that restraining the
set of stopping times to those taking values in a finite set allows us to build an
equilibrium in the simple case 7 = 7% = 0 and in the general case by considering

generalized stopping times.

3.1 Open-loop Nash equilibrium

First we define the notion of open-loop Nash equilibrium.

Definition 3.1 (Open-Loop Nash Equilibrum (OLNE)). Given zop € Ry x N X
N xR x R, we say that the pair of controls ((1¢*, A\%*), (7%*, \>*)) is an open-loop
Nash equilibrum of the game (OLNE for short) if

Ja(.%'o, (7_(1,*7 /\a,>»<)7 (Tb’*, )\b,*)) S Ja(l'o, (Ta, )\a)7 (Tb’*, )\b,*)) v(Ta7 )\a) c 76,T x U
Jb(SEO, (Ta,*’ )\a,>|<)7 (Tb’*, )\b,*)) Z Jb(xo, (Ta,*’ )\a,*)’ (Tb, )\b)) V(Tb, )\b) c 76,T x U.

We now define a Nash equilibrium for the auction phase.

Definition 3.2 (Open-loop Nash equilibrium for the 7—sub-game). Given x €
R, x Nx NxR xR and 7 € Tor, we say that the pair of controls (u®*, u®*) is

14



an open-loop Nash equilibrium for the T-sub-game if

E ne* b * |:Ca N;—Z,TJrhANT,T-&-h] — inf [Ca N;—l -r+hANT,T+h]
auc K aGM[T,T+h] auc K
AN. b AN.
ne* b * b TT+h T7+h | ne* b 7'7'+h T, 7+h
ET Cauc K - sSup ET Cauc K )
€U 7 4n)

where B[] := E[-|(P*, N®, N°, L2, L?) = x].

If an open-loop Nash equilibrium exists for the 7-sub-game, we write

ga E,ua b Ce Ng,r+hANT,T+h
auc K (7)
b _ maerat [ ot NT rth ANTrth
57- - auc K

for the payoff of the sub-game (where a given open-loop Nash equilibrium for the

T-sub-game is chosen).

Similarly to the results of ( ); ( ), we
know that there exists an open-loop Nash equilibrium for the 7—sub-game (7).
Thanks to a dynamic programming argument, we can show that we can start by
finding optimal controls for the sub-game starting at 7 and that an OLNE for the
game provides an open-loop Nash equilibrium for the sub-game corresponding to

the auction phase. This is stated in the following proposition.

Proposition 3.1. Let zp € Ry x N X N xR xR. For any 7 € Tor, there exists
at least one open-loop Nash equilibrium (u®*, u®*) to the T-sub-game. Moreover,

we can find two deterministic functions with polynomial growth g%, ¢° such that

€7C—L = ga(fo('l — v, fot') - UbT? N—?—vN-?—) and g’? = gb(Ng — v, N7l-; _'UbTa N-C;LJN—?-)

Finally, if (7%, \%%), (1%, \>*)) is an OLNE for the general game, then the fol-

lowing dynamic programming principle holds

a a,x a* b,* b,* _ . f E}\a Ab * L‘l+£a
(o, (747, A%7), (727, A7) Tae%,;g\“eu[o:] [ o } (8)
ax _rb_¢b
(o, (72, M), (724, X0%) = sup EMT [

€70, 7, AP €U0, 7]

15



where 7 = T A 7% and (/\FT’TTHL}’ )\l[);TTJrh]) 1s an open-loop Nash equilibrium for

the T-sub-game (7) (with payoffs £ and £°), recalling that ()\?T’TTM], )\I[’:TM]) is the
restriction of (A»*, \»*) to [1,T + h].

Proof. See Appendix A in the online version ( ). ]

It will be useful to consider the functions defined on [0,7] x N x N and for [ =a

or | =b associated to the value of the sub-game for Player [ when

e he initiates the auction alone:

first l a b, » ~
g (Sanaanb) =g (na_v S,Mp — v Sanll:avnll:b);

e he does not initiate the auction:

second ! a b, ~» ~
gl <S7 Na, nb) =4g (na — U SNy, —US, nll:bJ nll:(L)?

e he initiates it at the same time as the other player:

sim

g (Sa Ng, nb) = gl(na - Uasa ny — Ubsv ﬁaba ﬁab)?

e the auction starts at 71"

g (5,14, 1) = g'(ng — v, — 1°s,0,0).
Note that from Proposition 3.1, we know that these functions have polynomial
growth.

Remark 3.1. To build an OLNE for the general game, we can start by building
an equilibrium for the sub-game (7) during the auction and then look for a solution

to the problem (8).

Remark 3.2. The uniqueness of an open-loop Nash equilibrium for the T— sub-

game (7) played during the auction is known to be a very intricate issue, see

16



(2017); (2019). However, numerical experiments
seem to indicate that there is only one Nash equilibrium for the sub-game for each

value of (P, N® — v1, N2 — vP1, N¢ Nb).

Extending the results of ( ) and ( ) to include jump
processes and expectations given by non-trivial risk measures, we can prove that
the existence of an OLNE can be reduced to solving a system of fully coupled
integro-partial PDEs. We refer to Appendix B in the online version

( ) for more details on it. However, we do not expect to obtain the existence
of an OLNE in this case in a general setting. Nevertheless, as we will see below,
assuming that the players can choose their stopping time only in a set of discrete
times allows us to derive the existence of a Nash equilibrium in this slightly sim-

plified setting.

From now on, we focus on stopping times with values in a discrete subset of [0, T7.

3.2 Discretised stopping games

We look for an OLNE in the case where the stopping times can only take discrete
values. Set § € Rt such that £ € N. For k =0, ..., &, we consider 7,4 ;. the set of
stopping times with values in the set {kd, (k+1)0, ..., T} almost surely. Note that

d . . . d
T e1)sr is included in Ty5 .

Remark 3.3. The following results can be easily extended to the case where the

stopping times take values in any finite discrete set.

For any l e [[O, T/5 — 1]] and ()\k)kEIIZ’T/(;fl]] S u[l§7(l+1)5] X ... X Z/{[T,(;’T}, we set

Q) M= lsccpinsh+ D Liscrsrinsn
kel,T/6—1] ke[l+1,T/6—1]

Following ( ) and ( ), we can show that
there exists a Nash equilibrium between two fixed discrete times as formalised in

the next lemma.

17



Lemma 3.1. Let k € [1,T/8], g% and % be two measurable functions defined
on [0,T + h] x R x R* x N? to R, with polynomial growth. Then, their exists
(N1 Nim) € Uiy _1y505) Such that

( a b
)‘kfl’)‘k—l

E(k,1)5 [@g(k(S, l:(% g& LZ&) l?éa Nllc)é)] =
: SN T4 * a
oD inf E(kflk)él G4 (K0, P, Liss, Lis, Nits, Nis)]
EU[(k—1)5,k5]
)‘Z—lv/\z—1 ~b kS * a b a b
E(k—1)5 [gk( s Prss Ligss Lis kékaé)} =
XA s * a a
€55 sup E(]ffi)a [gg(k& ks ks LZ& Nk& ngé)] .
L A EU (1 —1)5, k5]
In the spirit of ( ), we will show the following results:

e In the case where the triggering cost is null or small enough so that it does
not impact the strategies during the auction, see Section 3.2.2, we can always

construct a Nash equilibrium by backward induction (see Theorem 3.1).

e In the general case, see Section 3.2.3, we can construct a Nash equilibrium
if we extend our probability space to allow for randomised stopping times,

see Theorem 3.2.

e In both cases, the pure open-loop Nash equilibrium or randomised open-
loop Nash equilibrium of the discretised game is an e-Nash equilibrium of

the continuous game, see Section 3.2.4.

3.2.1 Discretised game

We now introduce the notion of discretised game and that of Nash equilibrium in

this framework.

Definition 3.3 (Pure Open-Loop Nash Equilibrium for the discrete game (OLNED)).
Let x € Ry x Nx N xR xR. We say that (1%, X>*), (7, \"*)) € (Tg'p x U)?
is a pure open-loop Nash equilibrium of the discretised game (OLNED for short)

if it is a solution to the game
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( a a a ANr i a a a ANza zain
AG* \by* LT + Cauc + NT,T+hT . 2@ \b* L7‘:a + Cauc + N;—aﬂta‘#h?
EA = inf E* —
T+h €Ty, T4+ h
el AN
b b b AN;rih _7b _ b b 70 7b4n
E}\a,*)\b,* _LT - Cauc + NT7T+h K o EAQ7*7Ab Lf_b Cauc + N%b,;b+h K
= sup =
T+h T TP+ h
\ Abey
a.s., with 7 = 74 A%, 7 = 7% A TP 7 = 79 A 7% and where E[] =

E['l(PgﬂNg’Né)?Lngg) = x]

For sake of simplicity, a pure OLNED will be simply called an OLNED. Inspired
by the literature on optimal stopping in non-zero sum games in discrete time, see
among others ( ); ( ), we aim at

finding OLNED in the sense of the above definition.

3.2.2 Particular case: n = ny, = 0, no cost to trigger the auction

We first consider the simple case n = n4 = 0. In this situation, there is no
cost associated with the triggering of an auction and market takers are indifferent
about stopping the game first or second. We will see that here a Nash equilibrium
for the discretised game can be constructed explicitly.

For (1¢,7°%) € (76%)2, if Player b’s stopping time is 7°, then the value of Player a
is the same whether he plays 7 or 7 A 7°. Symmetrically, the value of Player b
is the same whether he plays 7° or 7% A 7°. So we can simply consider strategies
where both players stop at the same time. We look for a stopping time 7* € ’76%

and trading intensities (A®*, A\»*) € U? such that

J(xo, (75, A%%), (7%, X0%)) - < J%(z0, (7%, XY, (75, A2%))  V(12,\?) € 76?T x U
T (o, (75, A%%), (75, X)) > TP (wo, (75, A9%), (72, A%)) - V(7 A) e Tl x U

for g e Ry x Nx N xR x R.
We build by backward induction a process (U2, UP) kefo,1/5], adapted to the discrete
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filtration (Fsk)kefo,1,...7/seny so that, for each k € {0,1,...,7/6 € N}, U and Up
are the values of Player a and Player b at time kd when they both play an OLNED.

Backward induction algorithm. We formally construct by backward induc-

tion an OLNED. We start by setting

L§ 4 gi™"(T, N¢, Np) —L% + gp"™*(T, N¢, N%>)
T+h ’ T+ h

(U%/(s» Ug/é) = (

and

T =1T.

SIS

Since the players are forced to enter an auction if they have not started one before
time T and because n = ny, = 0, these values are those of the game if the players
start playing at time 7. In this case, they play a Nash equilibrium during the
auction denoted by (A%, AY) by solving (7), which we can compute with the same

numerical method as in ( ).

In the interval (T'— 0, T, the players cannot trigger an auction. From Lemma 3.1,

we find (A\7" |, Ao ) € U5y such that
U s ’

a,* b,* b,*
ALF D A%\

]ETSI Tl[ 51”/5] = essinf ET—J%_l[ 7a“/6]
A EUIT 5,1
AL AL ALE NP
51 51 b o 51 b
Erls [Ugs] = esssup BypZs [Ugs].
AbeUir_s.1)

We set A7 := A7" | @7 A® and /\bz’*_1 = /\bz’*_1 @7 AP
é 4 4 4

At time T'— ¢, both players can choose whether to trigger an auction or not. Also,
they are indifferent about who actually triggers the auction. If one of the players

triggers an auction the values become

(L%—d + gcfzirSt(T B 57 N%—&J Nfllj‘—é) _Ll’}—d + gll?rSt(T - 57 Ni;l“—év N"?‘—é))
T—-6+h ’ T—6+h '
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Otherwise, if none of the players triggers an auction, their values are

a,* b,* a,* b,*
)‘T_l’)‘T Xp~ A7

(Er7s

UL Eptst T [UR))-

So each player compares the two possible values (i.e. the two possible mean
payoffs) and triggers an auction if and only if it is beneficial to him. Consequently,

if the following condition is satisfied:

)\a,* 7>\b,>‘< "
E.5" 57 U] < Lieat e NG NE )

T—6 T/ T—6+h

/\%i* 7AI?17«* b first 5.N& b ’
]E -1 5-1 |:Ub i| = _LT_5+gb (T_ 7NT—67NT—6)

T—6 T/é T—6+h :

then none of the players triggers an auction and we set

a,*x b,* a,* b,*
AP AT AR A

(U1, Urpsa) = BrZs 7 [Usys] Ers * 7 [Ugya))

and

Otherwise

(Ujs-1:Urys 1) =

(L‘%_5+92r“(T—é,N%_a’N%_(s) —L%_ﬁg?“t(T—&N%_aaN%_g))
T—0+h ? T—6+h ?

in which case the players trigger an auction at 7' — § and so

Then we iterate the procedure to build U® and U’ and (7%, A%*), (7%, \>*) at
any discrete time: using again backward induction, we can show that there ex-
ist two functions g¢ and g? such that U? = g¢&(kd, Pys, Ls, Lbs, N, Nps) and
Ub = gb(ké, Prs, Lgs, Lbs, N N5, for every k € [0,7/8]. Tt is indeed true for
k = T/6. Then, using a result from ( ), we have that if this
property holds for some k € [1,7/6], it also holds for £ — 1. This allows us to
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apply the previous methodology and find appropriate (A{™, )\Z*) on each interval.
As a result (7%, A*), (7%, \>*) is an OLNED. This backward induction is summed
up in Algorithm 1 in Appendix D.1 in the online version ( ).

Existence of an OLNED. The following theorem formalizes this procedure.

Theorem 3.1. Let U%, U’ \%* \>* be defined by the backward induction in Algo-

rithm 1 in the online version (2020) and set

first b first b

. L& gl (16, N& ,Nb —Lb+ I5,N% N
T* :51nf{l € [0,T/d8], Up = =2 l5(+h 5:Nia) Up = =i gbléih k) 15)}.

Y a,x a,* \a N b,* b, {
the pair of controls ((7*, \**), (7%, \>*)) is an OLNED. In this case, U¢ and UY

are the values of the discretised game for Player a and Player b respectively, i.e.

Ne_  (N®_ ., —Nb )
~ a a T,7+h T,7+h T,7T+h
Up= it me Ll = ]
0=
raeTd Aeeld T+ h
where T =17 AT and
- b _Jb _ Cb + NE,T+h(Ng,T+h_NTb,T+h)
b __ AZ* N T auc K
U= sup E [ . }
TheTd, AoeU T+
where T = 7* A\ 7°.
Proof. See Appendix C.1 in the online version ( ). ]

Remark 3.4. Note that the condition n = na, = 0 is sufficient but not necessary
to obtain Theorem 3.1. A weaker condition is actually gﬁ Tt — gieeond = gsim for

1

1 =a,b.

Note that at each time kd, k € [0, % — 1], the players deal with a 2 x 2 game in
which they decide whether or not they trigger an auction. The values of this game
are represented in Table 1.

The choice dictated by the algorithm implies a Nash equilibrium for each of those

2 x 2 games. In this setting, the existence of a Nash equilibrium in the general
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a stops continues
stops (Lg5+ggrst —L s +gimst ) (LZ5+g§m “LL, g )

b, *

. Le first _Lb first )\ﬂ,*’A /\a,*7>\b,*
continues | (ZHrE—, ) (B ™ (U] B ™ [U4])

Table 1: Cost/gain for Player a/b depending on whether Player a/b stops or not
the discrete game played at time kd.

case (without imposing 7 = 7y, = 0) is much more intricate to get. However, we
can obtain such result if we consider randomised strategies. This leads us to the

notion of randomised discrete stopping times as explained below.

3.2.3 General case: randomised discrete stopping times

We now consider the general case. The procedure used to build a Nash equilibrium
in Section 3.2.2 can be adapted to construct a Nash equilibrium in the general case.
This can be done if we look for generalized stopping times instead of classical
stopping times. We refer to ( ) ( );

( ) for various optimal stopping problems dealing with this kind of

stopping times.

Informal derivation of a mixed Nash equilibrium. Right after 7" — ¢
and until 7', the situation is the same as in the case where n = ng, = 0.
The players cannot trigger an auction so they play a Nash equilibrium (with
no stopping allowed) until 7. In that case, their values right after 7' — § are
(Eg\pa_é’\b[ {,11/5],1[3%(1}’\6’* [U:I}/(;]). At time T — ¢, they are allowed to trigger an

auction. The payoffs depend now on which player triggers an auction.
e [f Player a triggers an auction and Player b does not, the values are

LG s+ 9ot (T — 6, Nf_5, Nb_g) —Lb_5 + g5 (T — &, N§_s, Nb_s)

a

( T—6+h ’ T—35+h

).
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e If Player b triggers an auction and Player a does not, the values are

(LaT—a + g2 T — 6, Ny _g, Ny _s5) —Ly_5+ g3 (T — 0, Nji_s, N:l;—d))
T—-6+h ’ T—-6+h ’

e If both players trigger an auction, the values are

LY s+ gi™(T — 0, N¢_5, Nb_5) —L5_s+ gi™(T — 6, N{_s, N2_s)

a

( T—-0+h ’ T—-6+h )

e Finally, if none of the players trigger an auction the values are
)\a,*’Ab,* a )\a,*’)\b,*
(E7_s [UT/(S] s [U;/a])-

Contrary to the previous case, there is some advantage to gain when the other
player triggers an auction. Let p% , = L if Player ¢ = a, b triggers an auction at
4

T — 6 and 0 otherwise. For pbz_1 fixed, p% | must be a minimiser of
& B

L o+ gsim L o+ gﬁrst
E O, 1 b T—6 a 1 _ b T—6 a
pe{0.1} — ppr s Pl —pr )
L%_(; + gzecond )\Z’*,)\bi*

+ (1 =pp_, + (1 =p) (1= pr_ DErs  [Ufy),

T—-0+h

while for p§_ fixed, pf | must be a maximiser of
5 5

_Lb +gsim _Lb +gsecond
€ 0,1} —s 8 T-6 b a 1— T—6 b
PO = php—p g YLD
i iy s +gﬁrst . Agv*,xl;;*il
+(1=pi ) TT_—Mler(l—p%_l)(l—p)ET—a * U]

Such optimisers might not always exist or might not be unique (in the sense that
we would have to decide who triggers the auction). However, both players can
always find probabilities of stopping p® and p® in [0, 1] such that, if Player b trig-
gers an auction with probability p°, the optimal probability of stopping for Player
a is p*, and conversely, if Player a triggers an auction with probability p®, the

optimal probability of stopping for Player b is p’. Additionally, it is often more
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natural to consider probabilities of stopping, in particular in the frequent case
where both (p%, p°) = (1,0) and (p®, p®) = (0, 1) are possible pure Nash equilibria.
This describes a mized Nash equilibrium and simply corresponds to a solution of

the convexification of the above problem.

There are multiple equivalent notions of random times which stop according to
some probability. We use here the notion of mized stopping times of

( , ) to build our probability space.

Definition 3.4 (Generalized stopping time). A generalized stopping time is a
measurable function p : Q x [0,1] — [0,T] such that for A-almost every r € [0, 1],
where A denotes the Lebesgue measure, the function w — p(w,r) is a stopping

time, i.e. u(.,r) € Tor.

Our probability space then becomes (€2 x [0,1] x [0,1],P ® A ® A) where the first
extension characterizes the randomiser of Player a’s stopping time and the second
one that of Player b’s stopping time. Let 0 < s <t < T. We denote by Sft the
set of generalized stopping times with values in [s,t]. If s/0 € N and t/0 € N, we

also denote by 7;T,;d the set of generalized stopping times with values in [s, ¢].

We also extend the definition of Nash equilibrium in this framework.

Definition 3.5 (Mixed OLNE and mixed OLNED). Let z € Ry x NxN xR xR.
We say that ((7%, A%*), (5%, A*)) € (Toip x U) x (Tgp X U), resp. (76TTd X U) %
(762? xU), is a mized OLNE, resp. mized OLNED, if it is a solution to the game

( Lo, +Co 4 Nfa za,,ANza zapp Lo, +Co o+ Nfa za,,ANza zayp
E)\a,*)\b,* |: Ta auc K :| —  ipf E)\a)\b,* |: 7a auc K
Fo4h €T Fo4h
el
NY AN N AN
—Lb _ Cb + zb zbpp = 70, Fb 4R —Lb _ Cb + 7b zb o, = b bR
E/\a,*)\b,* |: 7b auc K _ sup E)\a,*,)\b |: #b auc K
7:b + h Tb€7*0*T, 7’:b + h
\ el
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resp.

( N, - AN:a za NS, - ANza za
a a 74 Fa 4 T FA4h a a 74 Fa4p Fa@ 7A+h
E)‘a’*y)\b’* |:L7~.a + Cauc + K . lnf E}\a’)\by* |:L7’:a, + Cauc + K
Ay h rogT Fath
} xeel \
b cb N by BNz 204 b ch Neb iy ANr0 7040
E/\a,*’)\by* Ty T Yaue + K o E}\a,*’)\b e T Yaue + K
oy - b
T + PeTes, T
\ el
with 7¢ = 7 A 0%, 70 = 79* A 70 7 = 79 A TH*
. RPRARA * a b 7a 1b) _
and where E[-] := E -|(Py, N§, Ny, Lg, Lg) = ).
It is known (see for example ( ); ( );
( )) that our notion of generalized stopping time is equivalent to

the notion described in the informal derivation of a mixed Nash equilibrium above,
where, at time ¢, each player stops with some probability based on the information
Fi. In particular, we can build a mixed OLNED using the same algorithm as in

Section 3.2.2, see Algorithm 2 in Appendix D.2 of the online version

(2020).

Existence of a (mixed) OLNED. More formally, the following theorem based

on the backward induction above provides the existence of a mixed OLNED.

Theorem 3.2. Let

7% (,r) =6 inf {1 € [0,7/0], 1 — [Tho(1 —p§) > 1)}
() =6 inf {1 € [0,7/5], 1 — [Th_o(1 —p}) > 1)}

where p® and p° are the discrete F;-adapted processes given by Algorithm 2 in Ap-
pendiz D.2 of the online version (2020). Let \X»* = QN iego,r/6-1] D
2 and \b* = ®(/\?’*)le[[0,T/6—1]] Q. AV, where the quantities on the r.h.s of the
equalities are also given in Algorithm 2 in Appendix D.2 of the online version

(2020). Then the strategies (7, \%*), (72, \b*)) describe a mized
OLNED.

Proof. According to ( ) and ( ), optimising
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over the set of generalized stopping times is equivalent to optimising over the set
of adapted processes p® and p® describing the probability to stop at each discrete
time. Then Theorem 1 in ( ) gives a way to build the
generalized stopping times from the probability processes. The rest of the proof
is similar to that in the pure case and thus follows the proof of Theorem 3.1. The
only difference is that the players must play the game of Table 2 when choosing
whether to stop at ké or continue playing until (k + 1)J.

b .

a stops continues
stops (L25+gzim 7L26+gis]im) (LZ5+92““ *LZ];(;‘ngccond)

’ koth ° koth Koth 7 koth

s ax ybyx a,* \b,*
i Lis+gsrcond  —Lis+gp™t ALY AL* 2D b
ké a kS b k k a b L
continues | (Z47—, —i5n—) (B [Uk—i—l} JErs [Uk-‘,—l] )

Table 2: Cost/gain for Player a/b depending on whether Player a/b stops or not
the discrete game played at time kd.

Thus, at time k§, p¢ and p? are defined as solutions of the following linear opti-

misation problems. For p} fixed, Player a chooses

(st ™ g Bt e

pi € arg Inf Ko+ h P75+ h P+ h
+ (=) - )
while for p} fixed, Player b chooses
R e RN
+1- ) - P UL}
From classical results, see for instance ( );
( ), we know that the two problems above can be solved simultaneously®.

Solving for a mixed equilibrium yields the following result:

31t would no longer be the case in general with p € {0,1}, i.e. with pure stopping times,
although it works if 7 = 74, = 0 as we have seen before.
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( Lu§+gﬁrst AD* )\b *

k a _ k a
pa _ ko+h ]Ek‘5 [Uk-i-l]
k— a sim a TS secon; a,x yb,x
_Listaa + Lis+g8™ + Listgaeeond _EM % [Ua ]
ké+h ké+h ké+h ko k+1
(9)
_Lb +gﬁrst A% * )\b b
kS b k
pb _ kd+h ]Ek§ [UkJrl]
k im T n a,x yb,x
_ LRty + —Listap™ + —Listgpeond ]EAk A [Ub }
\ ké+h ké+h ké+h ko k+1

and one can easily verify that the denominators are non-zero and that these values

are in [0, 1] when there is no pure Nash equilibrium. ]

Remark 3.5. The notion of probability of stopping is quite convenient for nu-
merical computations as we can compute the value functions and the strategies by

dynamic programminyg.

3.2.4 Existence of e-OLNE

In this part, we explain that the previously introduced OLNEDs (see Definition
3.3) provide good approximations for OLNEs (see Definition 3.1), in the sense of
e-Nash equilibria.

For technical reasons we need to slightly modify the definitions of C¢, and C?,.
replacing v*7 and v"7 by [v°7 — 17 and [v’7 —3$]. All the previous results could be
proved in this slightly modified setting. This assumption is crucial in this section
as it enables us to have that when 5o € N and 5 € N, the functions ghfirst
g™ for i = a, b take the same values 1f we replace t by [£16. This will be a key

element in the proof of the next theorems.

Theorem 3.3 (OLNED and e—OLNE). Let 6 > 0 and (7, A*), (7, A?)) € (Tglp %
U) x (T x U) be the strategies associated to a pure OLNED starting at 0 with
time-step 6. Let € > 0. Then, for 6 small enough such that 5 a5 € N and b(S eN,

a Le + éa b S fa b
EA A [ Hranst TN inf  EM[ZZAT  STATE +e+4e®
[ TEANTY + :|_T€7E),T7>\€u [ TATY+h }
a _Lba btl @ Lba e
EX ,,\b[ raprd T8 /\Tb]z sup EAA [ T/\T+€T AT}—e—eb
TEATY + R €To, AU TEAT+h
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where

e = % sup EAA [Sup max (max(ggim(t, N&, NY), gseeond(t, No, NP)) — glrst(t, N&, NY), 0)]
AeeU Ny el [0,7]

eh=4 sup EX26 [sup max (gl{mt(t, N, Np) — min(gg™(t, N&, NY), ggeomd(t, Ni, NY)), 0)].
AU EU [0,7]

Proof. See Appendix C.2 in the online version ( ). O
Also, this theorem extends easily to the case of mixed OLNEs and mixed OLNEDs.

Theorem 3.4 (Mixed OLNED and e—mixed OLNE). Let§ > 0 and ((7$, %), (12, \%)) €
(76":5,? X U) x (76":"1 X U) be the strategies of a mized OLNED starting at 0. Let
1

€ > 0. Then, for § small enough such that 5o € N and ﬁ e N,

a La + ga b b La b + fa b
EA A [ rapst TN inf  EM[ZZAT  STATE +e+e
[ TaANTY + R j|_T€7E;iT,)\€u [ TATC+h } (10)
10
b b
]EAQ’)\b [—LTQ/\Tb + é-Ta/\Tb:| > sup E)\a’)\ [_L?—u/\r + gga/\T} —e— gb_
TONTC+h 07 et aeu TENT 4 h
Proof. The proof is the same as the proof of Theorem 3.3. m

In practice and in our numerical experiments, the constants £* and £° are negligible
and very often zero. This is because they are non-zero only when there is an
advantage in triggering the auction right before the other player. This is typically
not the case, unless the player triggering the auction benefits from n to execute
a large target volume that he could not fully do within the auction because of its

bounded intensity.

Remark 3.6. The condition on ¢ is only technical and ensures that the changes in
the targets happen on the same grid as the optimisation (with mesh ). This con-
dition would actually not be required if the targets followed, for example, Poisson

Processes.
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4 Numerical results and assessment of ad hoc auc-

tions

In this section, we provide numerical results enabling us to draw conclusions on the
relevance of ad hoc auctions compared to CLOB and periodic auctions. We also
discuss some implementation details. The value functions shown are multiplied

by 10® for more readability.

4.1 Sub-game values depending on players’ positions at

the auction triggering

First we show how the value of the sub-game played during the auction phase
varies with the parameters, for Player a and Player b. From now on we take

K =10,v* =v*=0.1.

4.1.1 Effect of the amount traded before the auction

We fix h = 30s and plot the value of the sub-game £ as a function of N* —v®r, for
various values of N, with N* = 0 and N?— 0’7 = 0 (see Figure 1, left side). First
we notice that these graphs are increasing with respect to N¢, which is obviously
not surprising. The effect of N{ gets more important as N —v®7 becomes larger.
This is because in such situation, Player a is already in advance regarding to his
target. A large N{ implies that he is even more in advance and gets penalised via

the objective function.

Looking at the graphs for fixed N{, we see that the best context to trigger an
auction is when N/ — v is close to zero and actually slightly negative. In that
case, Player a can launch an auction without overshooting his target at the end
because of the mandatory volume N{. Moreover, we note that {7 is large when
either N* — vt is large, since Player a is penalised for overshooting his target, or
when N2 — v?7 is too small, since Player a has to send a lot of orders during the

auction, which makes the price increase.
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Next we plot 2 as a function of N? — o7, for various values of N¢, with N} =0
and N* —v®r = 0 (see Figure 1, right side). We notice that {2 is always increasing
with respect to N2 —v°7: the more Player b trades before the auction in comparison
to his target, the less he trades during the auction, and the higher the final price of
the auction is. In addition to that, £* converges when N?—v’t — 4o0: if N> —0°r
is too large, Player b stops trading completely and if N® —v°7 is too small, Player
b would rather pay some penalties than send too many orders during the auction

leading to a bad price since Player a is at equilibrium when the auction starts.

= N2=
50000 s00] —————— e =0
Ne =2
40000 400 — NI =86
— N2 =10
30000 300 N2 =16
20000 200
10000 100
0 0
-100 -50 0 50 100 -100 -50 0 50 100
N2 - VT N2 -VET

Figure 1: On the left, £¢ as a function of N? —v?r, for different values of N¢, with
N? =0, N° — v’ = 0 and h = 30s. On the right, £* as a function of N? — vbr,
for different values of N§, with Nj’_ =0, N! —v'r =0and h =30s, g =0.1.

4.1.2 Impact of the risk aversion parameter and of the auction dura-

tion

We investigate the effect of the parameter ¢ which is the factor for the penalties
received by the players for not reaching their trading targets and of the auction
duration. We first consider ¢ = 0.1 and plot on the left side of Figure 2a &2 as

a function of h, for N — v = Nb — ¢?

T =0, Ni = 0 and for multiple values
of N¢. On the right side of Figure 2a, we display {7 as a function of h, with
N2 — o1 = Nb — b7 =0, N¢ = 0 and for multiple values of Nﬁ. In Figure 2b we

fix ¢ = 0.01 and in Figure 2¢ ¢ = 0.001.
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We see in Figures 2a and 2b that ¢ = 0 for h large enough, which is no longer the
case in Figure 2c. This is because when the commitment to the target is severe,
over a quite long time period both traders send on average the same number of
orders as v* = v and the effect of N{ or Ni vanishes. We also observe that
too short auctions may create some kind of arbitrage opportunities: the trader
who triggers an auction is committed to trade at least a given volume. The other
trader might choose to trade less to take advantage of the price imbalance in the
auction, as the penalty he will have to pay will not be too large. Let us take the
example of h = 20s. In that case, the target is two lots for both Player a and
Player b. If Player a triggers the auction with N{ = 4 then Player b will put a
volume of 2 in the auction meeting his target or perhaps even less (volume of 1)
meeting partially his target but benefiting from price impact. Such phenomenon
is magnified in a situation as in Figure 2c¢ where the target commitment is very
weak. In that case, both players try to benefit from price impact leading to a
game where they both put smaller volumes than their target. For example, we
see that the effect of the initial volume N¢ = 1 vs N{ = 2 takes more than 80
seconds to vanish in Figure 2¢, although the target is 8 lots for 80s. This means
that between 0 and 80 seconds, both investors play strategically to benefit from

the effect of volume imbalance on the clearing price.

This shows that the duration of the auction should be large enough and related
to reasonable practical values for q. Considering the auction duration helps to
convey information to market participants, it should also probably depend on the
deviation between the previous clearing price and the best offer price in the order
book at the beginning of the auction. The larger the deviation, the longer the

duration of the auction. Accurate duration calibration is left for further research.

We use the results of this section to choose suitable parameters for our study of

the entire ad hoc auction in the next section.
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Figure 2: £% as a function of h, with N% — vo7 = 0, N® — vb7 = 0. On the left, we
fix N i = 0 and consider multiple values of N¢. On the right, we fix N¢ = 0 and

consider multiple values of N?.
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4.2 Assessment of ad hoc auctions

We now investigate the whole mechanism of ad hoc auctions and compare it with
the classical CLOB and periodic auctions. We use Algorithm 2 of
( ) with a small timestep 6 = 0.05s and write V* for J*(., (7%, \"*), (75%, \"*))

for ¢ = a,b.

4.2.1 Choice of the parameters for the simulation study

The values for v and v® will be of order 0.1, so we expect roughly 2 trades every
10 seconds, which corresponds to the case of reasonably liquid assets. We fix
T = 100s so that T is large compared to the average time between trades. We
take ¢ = 0.01,h = 20s and n = ny,, = 3. The justification for the relevance of

these parameters is the following:

e We have 7 > (v® A v°)h. This ensures that transactions occur both in the
continuous and auction phases. As a matter of fact, if 7 < (v® A v°)h,
the triggering cost for an auction is quite negligible with respect to the
target amount within the auction. We numerically observe that in that
case, investors do not use the continuous phase and trade only in the auction

phases, which means that ad hoc auctions are reduced to periodic auctions.

e Consider an auction triggered because both players are slightly behind their
targets so that one of them, say Player a, triggers the auction and both
should trade 3 lots during the 20 seconds. Then, suppose that Player b
tries to benefit from the price impact and trade only 2 during the auction
instead of 3. Under these parameters, the price impact benefit of Player b
(which is equal to 2x 1/K) is exactly the cost paid for not meeting the target
(which is equal to gh). Hence from the investors’ viewpoint, these parameters
correspond to reasonable balance between trading costs and target deviation

penalties.
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4.2.2 Effect of 7 compared to v* and v°

Here we replace ng, by a random variable which is so that if there is simultaneous
triggering, it is attributed to Player a or Player b with probability 1/2 and a
volume commitment equal to 3. We plot in Figure 3, Figure 4 and Figure 5 the
values of the game at the origin and the average duration® of the continuous phase

at time t = 0 for different values of v* and v°.

Figure 3 : supply and demand of similar order. When v* = v* = 0.1,
the average duration of the continuous phase is 21 seconds if the initial trading
price P is equal to Fj. We observe that we obviously get a symmetric average
duration of the continuous trading phase with respect to the sign of P — P*. The
average duration of the continuous phase is maximal at P = P*, then decreases
and becomes stationary. This can be explained as follows: if P is close to P* and
because of the symmetry of P*, locally around ¢ = 0, we expect to have oscilla-
tions of P* around P so that either Player a or Player b can trade with the market
maker. If P* increases (resp. if P* decreases) significantly beyond P, Player b
(resp. Player a) is likely to start an auction since his probability to trade with the
market maker in a short amount of time becomes smaller. Although he can trade,
the other player may also wish to trigger an auction, as his trading price becomes
very unfavourable. So we see that ad hoc auctions ensure that the trading price

does not deviate too much from the efficient price.

The plots of V¢ and V? in Figure 3 are not even functions with respect to P — P*.
To explain it, take for example the position of Player a. If P > P* he can buy and
launch an auction while if P < P* he can only launch an auction. Consequently,
the situation P > P* is somehow more acceptable for him. We recall that as
Player a minimises and Player b maximises, the value functions are symmetric
with respect to the origin. We also see that for Player a, there is a large peak of

the value function when P — P* is slightly negative and only a small downward

4In fact we only compute a proxy of the average duration. The computation details are given
in Algorithm 3 in Appendix D.3 of the online version ( ).
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bump when it is slightly positive. This means that for Player a, there is much
more to lose when Player b can trade with the market maker than to earn when

he can trade with the market maker. This will be also confirmed in Table 3 below.
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Figure 3: Values of the game and average duration of the continuous phase, at
time ¢ = 0, as functions of P — P, with v* = v = 0.1.

Figure 4 : demand higher than supply for small investors. When v* = 0.1
and v® = 0.05, Player b is better off than Player a. When P > P*, Player a can
trade with the market maker hence reducing the imbalance with respect to the
volume of Player b. Player b will typically not immediately trigger an auction
because of the quite significant entry cost of the auction n = 3. This explains
the quite long duration of the auction phase in this situation and the downward
peak of the value function of Player a. When P — P* is negative, Player b can
trade with the market maker which could lead to an even larger imbalance from
Player a’s perspective. Thus we expect Player a to trigger the auction in that case

explaining the short length of the continuous phase and the flat behaviour of the
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value functions on the left of 0 (whatever P — P* < 0, Player a will trigger an

auction).
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Figure 4: Values of the game and average duration of the continuous phase, at
time ¢ = 0, as functions of P — P, with v = 0.1 and v* = 0.05.

Figure 5 : supply higher than demand for large investors. When v* = 0.1
and v* = 0.15 the situation differs significantly. When P > P*, as previously,
Player a can trade with the market maker, which improves even more its imbalance
position with respect to the volume of Player b and it is particularly interesting
when P is only slightly larger than P*. In that case, Player b rapidly triggers
an auction to prevent Player a from trading. Note that contrary to the previous
situation, the entry cost is not prohibitive here for Player b as v* = 0.15. When P
is significantly larger than P*, the price becomes too bad for Player a who stops
trading. Then a gaming situation occurs between the two players explaining the
delay before one of them triggers the auction. Regarding the value functions, the

peak of the orange graph is explained by the fact that it is very interesting for
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Player b to trade with the market maker to reduce his imbalance with respect to
the volume of Player a (who may be reluctant to trigger an auction as v® is not

very large).
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Figure 5: Values of the game and average duration of the continuous phase, at
time ¢ = 0, as functions of P — P, with v = 0.1 and v* = 0.15.

4.2.3 Comparison with periodic auctions and CLOB

We finally provide the value functions and average durations in the case of ad
hoc auctions, expensive periodic auctions (n = 3 and no trading allowed in the
continuous phase), inexpensive periodic auctions (2 = 1 and no trading allowed
in the continuous phase) and CLOB. In the case of CLOB, the players trade only
with the market maker and pay 1/K for each trade. The average duration is then
defined as the average time between two trades and the value as the amount paid
per unit of time. The results are shown in Table 3.

We notice first that, if continuous trading with the market maker is allowed, the

average duration of the pre-auction phase is longer. This is because both players
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Ve (1e-6) Average duration
h =20, h =20, h =20, h =20,

Market design n=3 n=1 | CLOB n=3 n=1 | CLOB

continuous trading allowed Yes No No No Yes No No No
v =0.1,v" =0.1 3685.6  384.6 0.0 10000.0 | 21.3s  6.0s 0.0s 10.0s

v® = 0.05, v* = 0.1 392.8 -6666.7 | -5000.0 | 5000.0 | 33.3s 10.0s | 0.0s 20.0s

v® = 0.1, v* = 0.05 7800.0 11606.7 | 10000.0 | 10000.0 | 33.3s 10.0s | 0.0s 10.0s

v =0.15, v = 0.1 9397.9  8680.0 | 10000.0 | 15000.0 | 9.0s  5.0s 0.0s 6.7s

v® = 0.1, v = 0.15 -2841.8 0.0 0.0 10000.0 | 9.0s  5.0s 0.0s 10s

Table 3: V and average duration of the continuous trading phase for different
values of v® and v with ¢ = 0.01.

try to trade with the market maker if possible in order to push the settlement

price of the next auction in their favour.

If v = v® = 0.1, Player a prefers the case where there is no continuous trading.
This is in agreement with our interpretation of Figure 3 since Player a has much
more to lose when Player b can trade with the market maker than to earn when
he can trade with the market maker. Moreover, if the triggering volume is small
(n = 1), the probability of the auctions to be balanced is large and the player who
cannot trade with the market maker triggers an auction quickly. The case n = 3
provides an intermediary between periodic auctions and CLOB in terms of value

functions.

If v® and v® are small and asymmetric (either v = 0.05 and v* = 0.1 or v* = 0.1
and v° = 0.05), we observe that the player with the larger target benefits from ad
hoc auctions. We explain this as follows: if the larger player can trade with the
market maker, he is able to liquidate his temporary surplus at a low cost with the
market maker and so suffers less from price impact in the auction, which is more
balanced than in the situation without continuous trading. In this case, it is too
costly for the smaller player to trigger an auction since n is too high compared
to the target 0.05. The larger player is thus the first to trigger the auction if the
price becomes too unfavourable, in a way signalling to the smaller player that it
is preferable to trade at the forthcoming auction instead of at the clearing price.

Otherwise, if the smaller player trades with the market maker during the continu-
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ous trading phase, the larger player triggers the auction to protect himself from an
excessively unfavourable price at the auction. The smaller player benefits from in-
formation leakage/market impact generated by the larger player, while the larger
player uses his informational advantage of being the larger player by capturing
mistimed liquidity from the smaller player. In both cases, the larger player is the
one triggering the auction and benefits from the continuous trading phase. This
is in agreement with Figure 4 where V* takes its lowest value for P > P* with
P close to P*. In addition, compared to the case without market maker or with
| P — P*| large, the temporary target imbalance has less impact on the distance be-
tween the clearing price and the efficient price. This is a direct consequence of the
surplus of orders from the larger player being absorbed by the market maker. We

consider this an advantage of ad hoc auctions: the clearing price has less volatility.

We now turn to v® = 0.1 and v* = 0.15. As before, if Player a (smaller player)
trades with the market maker, he can liquidate part of his volume but Player b
(larger player) quickly triggers an auction to prevent him from doing so. The
larger player can indeed trigger the auction since n = 3 coincides with his tar-
get. When Player b trades with the market maker, unlike the previous case, the
auction triggering cost is reasonable for Player a. The continuous phase appears
as an opportunity for Player a to prevent Player b from mitigating his inventory
since in this case Player a triggers the auction. This is in accordance with Figure 5
above. Conversely, we observe that the value functions of Player b are quite similar
considering ad hoc auctions or classical periodic auctions. One conclusion is that
for large investors, the smaller one benefits a lot from ad hoc auctions compared
to periodic auctions and CLOB, while the larger one is quite indifferent between

ad hoc and periodic auctions.

The parameter g plays quite an important role since it dictates the probability
of an auction to be balanced out. We refer to Appendix E of the online version
( ) for the value functions and average durations with ¢ = 0.005.

For this value of the penalties, auctions are rarely balanced and the CLOB design
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becomes more relevant. In this configuration, allowing continuous trading is always
beneficial if n = 3 since it mitigates price impact during the auction. The value
functions are close to those observed with periodic auctions but have the attractive
property of having very long periods of continuous trading: the price remains
constant for a long time while with periodic auctions, auctions are triggered as
soon as someone needs to trade. Also the larger player still benefits a lot from

being able to trade with the market maker.

5 Conclusion

In this paper, we introduce a new matching mechanism for transactions on finan-
cial markets called AHEAD for Ad Hoc Electronic Auction Design. This proposal
can be seen as an hybrid version between continuous limit order books and peri-
odic auctions. Under AHEAD, market participants trade continuously at a fixed
price and can trigger an auction when they are no longer satisfied with this price
or do not find enough liquidity.

This paper offers a quantitative and objective assessment of this new system from
an investor viewpoint. Using the notion of Nash equilibrium, we demonstrate the
viability of the AHEAD design. Furthermore, we show that this mechanism ap-
pears superior to continuous limit order books from a market taker perspective.
Compared to periodic auctions, it is particularly suitable for large participants.
They can benefit from the continuous phases to execute part of their transactions
and then enter auctions without suffering too much from asymmetric liquidity
needs with respect to their counterparts. This also implies a reduction of price
volatility at the intraday level. Finally it is found that AHEAD is also a favourable
mechanism for smaller investors provided their trading trajectories are not too sen-

sitive to auctions’ entry cost.

AHEAD provides a solution taking advantage of the best of both worlds between
continuous limit order books and periodic auctions. It is particularly appealing

for mid-small cap stocks and other assets for which market fragmentation is not
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too impactful. Accurate study of an ecosystem where AHEAD would live together

with other matching procedures is left for future research.
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